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1 Introduction

These are open problems presented at the last meeting of the Lie Groups Section
at the conference “Representation Theory XVI” held at the ITUC, Dubrovnik,
Croatia, June 23-29, 2019. Notes by David Vogan.

2 David Vogan: Geck’s conjectural definition of
special nilpotent classes

Lusztig in [9] introduced a class of irreducible representations of a Weyl group
that he called special. All representations of the symmetric group are special,
but this is not true for any other type of Weyl group. Lusztig and others proved
that special Weyl group representations are deeply entwined with “Kazhdan-
Lusztig theory,” relating Weyl group representations via Hecke algebras to the
representation theory of reductive groups. The Springer correspondence at-
tached to special Weyl group representations certain unipotent classes in G (or,
equivalently in the case of C, to nilpotent elements in g*), also called special.
One of the fundamental consequences for representation theory is

Theorem 2.1. If X is an irreducible representation of a complex reductive Lie
algebra g, then the associated variety of Ann(X) is the closure in g* of a single
special nilpotent coadjoint orbit. Conversely, every special nilpotent coadjoint
orbit arises in this way.

In [4, Conjecture 4.10], Geck defines a simple “integrality condition” on a
nilpotent coadjoint orbit which he conjectures is equivalent to Lusztig’s notion
of special. Here is how. Fix a pinning for g, meaning a Cartan subalgebra in a
Borel subalgebra h C b, and a choice of simple root vectors

{Xa | @ simple}.



This defines basis vectors X_, for the negative simple roots by the requirement
that
[Xao, X_o] = H, = coroot for a.

From these root vectors we can construct a Chevalley basis vector X, for each
root space; each such vector is well-defined up to sign. The set

{X5 17 €Alg,b)} U{H;}

is called a Chevalley basis of g. The structure constants for this basis are integers,
so the basis vectors span a natural Z-form gz of g.

Each nilpotent orbit in g has a representative E so that there is an s(2)-triple
(H, E, F) with

[H,E|=2FE, [H,F]=-2F, [E,F]=H
H € b dominant.

The resulting element H is uniquely defined (given the choice of h C b) by the

orbit of E. Necessarily H is a nonnegative integer combination of the simple
coroots H,, so

Y(H)eN  (y€Agbh)):
This means that the eigenspaces of H define a Z-grading

g= Z 9i-
=
Each g; for i # 0 is spanned by roots, and therefore defined over Z; and gg is
spanned by roots and B, and therefore also defined over Z. Necessarily

E e g2, H e g0, Fe g—2.

Every linear functional ¢’ € g5 defines a skew-symmetric bilinear form on g; by

We (gjvy) =def 6/([$’y])'

If € € 957 (that is, if € takes integer values on the Chevalley basis vectors
{X4}), then we is defined over Z; that is, we get an integer matrix

we(Xyis X)) €2 (n(H) =~ (H) = 1)

of size the dimension of g;. If B is a nondegenerate invariant bilinear form on
g and

€(z) =qet B(F, z) (z € g2),
then the Kirillov-Kostant theory of coadjoint orbits guarantees that the sym-
plectic form w, is nondegenerate. It follows that for “most” integral ¢’, the form
we has nonzero (integral) determinant. Geck’s conjecture is

E is special if and only if there is an integral ¢’ so that
det<w€’ (X’YUX%') ==+l ('yi(H) = 1)'

Geck’s conjecture suggests three problems.



1. Show that if X is a simple g-module defined over Z, then X has integral
infinitesimal character.

2. Show that I is a primitive ideal of integral infinitesimal character, then
I = Ann(X) for some simple g-module defined over Z.

3. Show that if X is a simple Harish-Chandra module defined over Z, then
some representative A € g; of an open orbit in the associated variety
AV(X) must satisfy Geck’s integrality condition.

Perhaps (1) is not too difficult. Part (2) is probably immediate from Duflo’s
theorem relating primitive ideals to highest weight modules. Part (3) is meant
to be analogous to Gabber’s “integrability of characteristic” theorem [3]; it may
be difficult.

Here are two related problems.

4. A linear functional ¢’ on g as above, extended by zero on all other gi,
defines a nilpotent coadjoint orbit G - €/, which carries a Kirillov-Kostant
symplectic structure €.s. Show that this structure is naturally defined
over Z if and only if € takes integer values on the Chevalley basis; and in
this case the structure can be chosen nondegenerate over Z.

5. Study (g, K)-modules which are defined over Z. (One possible guess is
that the irreducibles defined over Z are precisely those in the block of
finite-dimensional representations.)

3 Dan Ciubotaru: counting elliptic elements of
Weyl groups

Suppose W = W(g,h) is the Weyl group of a semisimple Lie algebra g. An
element w € W is called elliptic if it does not have the eigenvalue 1 on h. Define
a class function on W

o () 1w elliptic
w) =
ot 0 w not elliptic.

Suppose now that H, F, F' is a Lie triple for a distinguished nilpotent element
(meaning that the centralizer in g of (H, E, F) is the center of g). Then the
conjecture is

[Tacr(gp @H)
H;ER(g,h)(a(H) —2) .

Here each product runs over all roots of h in g; the prime means that factors
equal to zero are to be omitted. The Springer fiber By consists of all Borel
subalgebras containing F.

(Len, H*(BE))w =




Suppose for example that E is a principal nilpotent element. Then Bg is
a single point (carrying the trivial representation of W), so the left side of the
conjecture is

<]].911, tI‘iVi&DW = |We11‘/|W|.

The right side of the conjecture is computed by Kostant’s description of the
decomposition of g under a principal three-dimensional subalgebra; it is

m;
Hmi—&—l'

i

Write n = dim b and
W; ={weW |dimbh” =n — j},

the elements of W for which the eigenvalue 1 has multiplicity n — j. A formula
due to Shephard and Todd says that

S oWy =[] +mat),
j i
with m; the exponents of W. Consequences include

W= H(mi +1), [Wenl| = Hmi-
i

7

It follows that the conjecture is true for the principal nilpotent element.

4 David Renard: resolutions for character for-
mulas for p-adic group representations

Suppose that G,, = GL(n, F), with F a p-adic field. Zelevinski in 1980 gave a
classification of the irreducible representations of G,, in terms of the supercusp-
idal representations of all G, (for n’ < n) and some combinatorial data called
multisegments. One can find a clear account for example in [10]. A segment is
a sequence of integers increasing by 1

A={bb+1,...,e} =qger [b, €] (b<eeZ)

The length ¢(A) of the segment is its cardinality e — b+ 1. A multisegment is a
finite multiset of segments

m:(Al,...7At),

unordered but counted with multiplicity. The length £(m) of the multisegment
is the sum (with multiplicities) of the lengths of its constituent segments. For
example,

0({-4,-3,-2},{-4,-3,-2},{-3,-2,-1,0,1}) = 11.



Using a pair (p, m) (consisting of a supercuspidal p of G4 and a multisegment of
length ¢) Zelevinsky defines a standard representation std(m, p) of Gy, having
a unique irreducible quotient irr(m, p). Zelevinski proves that this construction
parametrizes irreducibles of G4y having supercuspidal support p by multiseg-
ments m of length ¢. (Other irreducible representations of G,, are obtained
from these basic ones by irreducible parabolic induction.)

For integers b < e, the representation irr([b, e, p) = std([b, €], p) is an es-
sentially square integrable modulo the center representation of G'_cq1)q- It is
convenient to define formally irr([b,b — 1], p) to be the one-dimensional trivial
representation of the trivial group Go, and irr(p, [b,e]) =0if e < b— 2.

If m, ...,m, are representation of G, ..., Gy, respectively, we write as usual

T X - X T,

for the representation of G,, = Gy, +...4n, parabolically induced from the stan-
dard parabolic subgroup of G,, of type (nq,...,n,) (with Levi subgroup G, x

oo X Gnr-
We say that the segment [b, e] precedes [/, '] if b< b <e+1<e +1.
If m = ([b1,e1]),.-.,[bs,e:]) is a multisegment such that [b;,e;] does not

precede [bj, ;] for i < j, we say that the multisegment is presented in a standard
order, and then the representation

std(m, p) = irr(p, [b1,e1) x - -+ X irr(p, [bs, €]

has a unique irreducible quotient irr(m, p). Of course, we can always present
a multisegment in a standard order, and std(m, p), irr(m, p) do not depend on
the chosen standard order.

The standard representations std(m, p) are rather completely understand-
able in terms of p. In order to understand irreducible representations, it is
therefore of interest to express the irreducible representations in terms of stan-
dard ones:

irr(m, p) = Y a(m/,m) std(m', p).

m/

This is accomplished by Kazhdan-Lusztig theory: the integers a(m’,m) are
given by values at ¢ = 1 of certain Kazhdan-Lusztig polynomials (which are
depend not on the supercuspidal p but only on the combinatorics of multiseg-
ments). This was conjectured by Zelevinski [16], [17], and proved by Chriss and
Ginzburg [1].

A Speh representation corresponds to a multisegment

Mgpen, = ({0,0+ 1, e, {b+1,...;e+1},... {b+p—1,...,e + p—1})

consisting of p segments of the same length, each shifted one step to the right
of its predecessor. The symmetric group S, “acts” on this multisegment: for
each 7 € Sp, 7-m is another multisegment with the same support as 7. This is
not a group action. We will not give the definition of 7 - m in general, but here



are some examples with p = 3. First, the identity element of S, always acts
trivially. Second,

o1z - ({13, {2}, {3} = ({1, 2}, {3}),
o1z - ({1,2,3},{2,3,4},{3,4,5}) = ({1, 2,3,4},{2, 3}, {3,4,5})

o3 - ({1}, {2}, {3}) = ({1}, {2,3}),
oa3 - ({1,2,3},{2,3,4},{3,4,5}) = ({1,2,3},{2,3,4,5},3,4)

0123 * ({1}7 {2}, {3}) = ({172,3}),
0123 - ({17273}’ {2a374}7 {37475}) = ({172a3»4}, {273}a {3a475})

oz21 - ({1}, {2}, {3}) = ({1,2,3}),
o321 - ({1,2,3},{2,3,4},{3,4,5}) = ({1,2,3},{3,4},{2, 3,4, 5}).

When these formulas are appropriately corrected and generalized, Tadié
proved in [13] that

irr(mSpehv p) = Z Sgn((j) Std(CT " Mgpeh> p)'
oES)

Lapid and Minguez in [8] generalized this formula to “ladder” multisegments:
those of the form

Myadder = ([ba e}’ [b +T1,e+ yl]v R [bJr Lp-1,€ + yp—l])»

O<zy < - <ap_1, 0<y <+ <Yp—1-

The problem proposed by Renard is to find a proof of this Lapid-Minguez char-
acter formula along the lines of the BGG resolution: by constructing a resolution

0« irr(mladderv p) — Std(mladderv P) — Z Std(a " Myadders p) A
L(o)=1

Lapid and Minguez construct the first one or two terms of such a resolution,
then use a series of tricks to deduce the character formula.

Renard also asks: for real reductive groups, when are there resolutions of
irreducible Harish-Chandra modules giving rise to simple character formulas?
Using Beilinson-Bernstein localisation, such resolutions can obtained from res-
olutions called Cousin complexes in a category of Dy-modules. Dragan Milicic
has a set of notes about these.

5 Jeff Adams: extending atlas

The atlas software [15] does a wide variety of calculations related to the struc-
ture and representation theory of G(R), with G a complex connected reductive



algebraic group. Extend the software to treat (finite) nonlinear coverings of
such a group. It may be necessary to find a good class of such nonlinear groups.
One interesting example is all two-fold covers of G(R).

David Vogan suggested along similar lines that one could try to extend either
the Langlands program, or atlas, or D-modules, to cover representations of the
real points of possibly disconnected complex reductive algebraic groups. The
most familiar group of this sort is O(n). Many others appear in applications,
for example as centralizers or normalizers of reductive subgroups of connected
reductive algebraic groups.

6 David Vogan: dual pairs

Suppose G is a group. A dual pairin G is a pair of subgroups H; and Hs with
the property that

Hsy = Centg(Hl), H, = Centg(Hz).

If G is algebraic, then H; and Hy are automatically algebraic as well. The
problem is to classify dual pairs up to conjugation in G (perhaps for G complex
reductive algebraic).

Roger Howe’s theory of dual pairs concerns the case G = Sp(2n) and H;
reductive; he classified such pairs completely in [5]. His classification was ex-
tended by Rubenthaler [12] to dual pairs of complex reductive Lie algebras in a
complex reductive g.

For a rather different example, suppose G is a simple complex group of type
G4, Hy is the PSL(2) subgroup corresponding to a subregular orbit, and Hy =
Centg(Hy). Then Hj is the symmetric group on three letters, and (Hy, Hs) is
a dual pair.

If Hy is any subgroup of any group G, and

H, = Centg(Ho), Hsy = Centg(Hl),

then (Hy, H3) is a dual pair.

7 Kyo Nishiyama: reducible associated varieties

Suppose that X is an irreducible (g, K)-module (with G a complex connected
reductive algebraic group and K = G? the fixed points of an involutive auto-
morphism). Then the associated variety of X is decomposed into irreducible
components

the various O; are K-invariant Lagrangians in a common nilpotent coadjoint
orbit O. (Here N* C g* is the nilpotent cone and g = € @ s the Cartan
decomposition defined by 6.) The conjecture is that “AV(X) is connected in



codimension 1.” This means that if O; and O; are two of these components,
then they are connected by a chain of components

O; :Ojn sz? ) Ojr :Oi’a
so that

0;, NOj, ., has codimension one in each, 1<k<r-1.

This conjecture seeks to sharpen a result of [14], which says that if AV(X) is
reducible, then each irreducible component @; must have codimension 1 bound-
ary.

Lucas Mason-Brown has observed that the “Hodge filtration conjecture” of
Schmid and Vilonen (that the Hodge filtration sheaves for an irreducible Dj-
module attached to X have no higher cohomology) would imply that the Hodge
filtration makes gr(X) Cohen-Macaulay, and therefore that the associated vari-
ety is connected in codimension one ([2, page 454]).

In the case G = GL(n), K = GL(p) x GL(q), it is proven in [11] that every
“codimension one connected component” is in fact an associated variety of an
irreducible (g, K)-module.

Kashiwara has proven the analogous codimension one connectedness state-
ment for characteristic cycles of irreducible regular holonomic D-modules ([6],
[7, Theorem 1.2.2]). (This result is also a consequence of Saito’s Hodge filtra-
tion.)
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